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In the paper the analytical solution of the Klein - Gordon equation for the Woods -
Saxon potential is presented. In our calculations we have applied the Nikiforov-Uvarov method
by using the Pekeris approximation to the centrifiigal potential for arbitrary | states. The ex-
act bound state energy eigenvalues and the corresponding eigenfunctions are obtained for a
particle bound on the various values of the quantunt numbers n,. and | .
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1. INTRODUCTION

An analytical solution of the radial part of the Klein - Gordon (KG) equation is
of high importance for spinless relativistic quantum mechanics, because the wave
function contains all necessary information on full description of a quantum system.
There are only few potentials for which the radial part of the Klein - Gordon equation

can be solved explicitly for all 72. and / . So far, many methods were developed, such
as supersymmetry (SUSY) [1,2] and Pekeris approximation [3-6], to solve radial part
of the Klein - Gordon equation exactly or quasi-exactly for / # 0 within these
potentials.

The one - dimensional Klein - Gordon equation is investigated for the PT -
symmetric generalized Woods - Saxon (WS) potential [7] and Hulthen potential [8]
and is solved by using the Nikiforov - Uvarov method, which is based on solving the
second - order linear differential equation by reduction to a generalized equation of
hypergeometric type.

The radial part of the Klein - Gordon equation for the Woods - Saxon potential
[9] can not be solved exactly for / # 0 . It is well known, that the Woods - Saxon
potential is one of the important short - range potentials in physics. This potential was
applied to numerous problems, in nuclear and particle physics, atomic physics,
condensed matter and chemical physics. Therefore, it would be interesting and
important to solve the radial Klein - Gordon equation for Woods-Saxon potential for
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[ # 0, since it has been extensively used to describe the bound and continuum states
of the interacting systems.

In this work, we solve the radial Klein - Gordon equation for the standard
Woods - Saxon potential using NU method [10], and obtain the energy eigenvalues
and corresponding eigenfunctions for arbitrary / states.

2. NIKIFOROV-UVAROV METHOD

The Nikiforov - Uvarov (NU) method is based on the solutions of general sec-
ond order linear equations with special orthogonal functions. It has been extensively
used to solve the non-relativistic Schrédinger equation and other Schrodinger - like
equations. The one - dimensional Schrédinger equation or similar second - order dif-
ferential equations can be written using NU method in the following form:

w"(:)+ﬂw'(:)+¥‘)w(:)=0, 2.1
o(z) o°(z)
where (=) and &(z) are polynomials, at most second-degree, and 7( =) is a first
- degree polynomial.
Using in Eq(2.1) the transformation
w(z)=®(z)y(z) (22)
one reduces it to the hypergeometric type equation
o(z)y"+t(z)y'+Ay=0. (2.3)
The function @( =) is defined as the logarithmic derivative [10]
D(z) _n(z) 2.4)
O(z) o(z)

where 77(z) is at most the first - degree polynomial.
The another part of /(= ), namely y(z) is the hypergeometric - type function,
that for fixed n is given by the Rodriguez relation
B d' .,
Va(2)= (o (z)p(=)], (25)
p(z) d=

where B, is the normalization constant and the weight function p(=) must satisfy the
condition [10]

%(a(:)p(:»ﬂ(:)p(:), (2.6)

with 7(z)=7(z)+2n(z).

For accomplishment of the conditions imposed on function p( =), the classical
orthogonal polynomials, it is necessary, that polynomial 7(z) becomes equal to zero
in some point of an interval (a,b) and derivative of this polynomial for this interval
at o(z) >0 will be negative,ie. 7'(z)<0.

The function 7( =) and the parameter A required for this method are defined
as follows
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ﬂ(:):az—ri\/(az—rj ~G+ko, 2.7)

A=k+7n'(z). (2.8)
On the other hand, in order to find the value of %, the expression under the square

root must be the square of a polynomial. This is possible only if its discriminant is
zero. Thus, the new eigenvalue equation for the Schrodinger equation is [10]

A=A =-nt - ”(”2 Do (n=012..) (2.9)

After comparison of Eq.(2.8) with Eq.(2.9), we obtain the energy eigenvalues.

3. SOLUTIONS OF THE KLEIN - GORDON EQUATION WITH THE
WOODS-SAXON POTENTIAL

The standard Woods-Saxon potential [9] is defined by

V(’r)=_V7°r_R0 (a<<Ry) > (3.1)
l+e @
where V7 is the potential depth, R, is the width of the potential or the nuclear radius

and the parameter a is the thickness of the superficial layer inside of which the poten-
tial falls from value /” = 0 outside of a nucleus up to value I = —J/ inside a nucleus.
At a=0 one gets the simple potential well with jump of potential on the surface of a
nucleus.

In the spherical coordinates, the stationary Klein - Gordon equation with
Woods-Saxon potential is
—mUc ]l//

1)1 0,0 1 0 0
—h'c r—= |+ sinf— |+
o\ o) | 1 sind o0 00) v’ st 0 6(/7

>

where m1, is the rest mass of a scalar particle.

The terms in the square brackets with the overall minus sign are the dimen-
sionless angular momentum squared operator L’ . Defining y/(r,0,¢)=R(r)Y(6,¢),
we obtain the radial part of the Klein - Gordon eqution [11]

d’R(r) 2dR(r) {(E—V)z —mlct G

dr’ r dr hic? r?

where / is the angular momentum quantum number.
After introducing the new function u(r) = ¥rR(r) , Eq.(3.2) takes the form

dﬁu(or)4[(E—V) —mict 1(1+1)} w(r}= 0. (33)
dr- hic? r

The Eq.(3.3) has the same form as the equation for a particle in one dimension, except
for two important differences. First, there is a repulsive effective potential propor-

:lR() 0,(0<r<m), 3.2)
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tional to the eigenvalue of %°/(/+1). Second, the radial function must satisfy the
boundary conditions #(0) =0 and u(0)=0.

If in Eq.(3.1) to introduce the notations
_r -R, o= Ry

X

bl >

R, a
then the Woods - Saxon potential is given by the expression
V.
Vig =—— @ -
l+e
It is known that KG equation cannot be solved exactly for this potential at the
value / # 0 using the standard methods as SUSY or NU. From Eq.(3.3) it is seen, that

the centrifugal potential V(7 ) is inverse square potentials, which cannot be solved

analytically. Therefore, in order to solve this problem we can take the most widely
used and convenient for our purposes Pekeris approximation. This approximation is
based on the expansion of the centrifugal barrier in a series of exponentials depending
on the internuclear distance, taking into account terms up to second order, so that the
[ dependent potential preserves the original form. It should be pointed out, however,
that this approximation is valid only for low vibrational energy states. By changing the

_RU

coordinates x = or » = Ry(1+x), the centrifugal potential is expanded in the

0
Taylor series around the point x=0 (r =R, )

nII+1) _nli+1) 1

Viir)= =5(1-2x+3x"—4x’+...), (34
i(r) 2mﬂr2 ZmDRU2 (1+x)° ( / 34)
where 5:M
2myR;

According to the Pekeris approximation, we shall replace potential V(7 ) with
expression

~ C C
Viir)=06|C,+——+ i | 35
l(r [ 0 1+eax (l—l—eax)‘J ( )

In order to define the constants C, ,C, and C,, we also expand this potential in

the Taylor series around the point x=0 (r =R, )

2 4
Comparing equal powers of x in Eqs.(3.4) and (3.6), we obtain the constants C;,C,
and C,

~ cC C)\ «a o’ o’ at
Vix)=0|C +=2+=22 |- Z(C+C x+—x"+—(C+C, )x —x"+..|.(3.6
(x) 5{[ ) 4j (C+C o ¥ tg(GrC)e —ox }( )
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Instead of solving the radial part of the Klein - Gordon equation for the centrifu-
gal potential V;(r) given by Eq.(3.4), we now solve the radial part of the Klein -

Gordon equation for the new centrifugal potential T7l (r) given by Eq.(3.5) and ob-

tained using the Pekeris approximation. Having inserted this new centrifugal potential
into Eq.(3.3), we obtain

(ZEVU l(l+1)C1j [V;ﬁ _l(l+1)czj

2 2 2 4 2.2 2 2

d_1;1+ E° —myc _l(lJ:l)C0 N h'c .aa N i

dar’ hic? a’d? R ( r- ]
l+e @ l+e ¢

We use the following dimensionless notations
) (E2—171§c4)a2 Jrl(lJrl)C

R N T ST g (AT
hc a” h e’ a”
. Via’ . I(1+1)C,
hzcz 062 4

withreal £>0 (E’ <mjc*) for the bound states; 3 and y are real and positive.
If to rewrite equation (3.7) by using a new variable of the form

r—Rg -1
z=|1+e ¢ , We obtain

1-2- —el+ By
u'(z)+—u'(z)+ e+p z/
Z(1-=2) (z(1-2))
with T(z)=1-2z; 0(z)=2(1-z); 6(z)=—&"+ B’ z—y’z".
In the NU - method the new function 77( = ) is equal to
A(5) =& + (k- )s— (k-7 )z*.
The constant parameter & can be found employing the condition that the ex-
pression under the square root has a double zero, i.e., its discriminant is equal to zero.
So, there are two possible functions for each %

(8—«/52—,82+72):_5) for k=’ -2¢&" +2e\e’ = +7°,
(8+1/52—,32+7/2):—8, for k=’ -28"-2e\&’ - '+ 7’

According to the NU - method, from the four possible forms of the polynomial 7( =)
we select on one, for which the function z(z) has the negative derivative and root lies
in the interval (0, 1). Therefore, the appropriate functions 77(z) and z( =) have the

following forms
ﬂ(:)ze—(e+1/52—,6’2+72):,
T(Z)=1+28—2(1+€+1/82—,82-1-}/2)5
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and

k=p-2& -2e\e' =+ .

Then, the constant A =k + 7'(z ) takes the following form:

A= B =28 —2ee — Ay —e—fE By (338

An alternative definition of A, is

A=A, :2(g+1/52—,83+;/3)nr+nr(nr+l). (3.9)

Having compared Egs.(3.8) and (3.9) we obtain

re - p+y +n+ “1+47

or
s+ =B +y —n'=0. (3.10)
Here
, J1+4y77 -1
nW=—n +3 21 = (3.11)
2
n, being the radial quantum number (7, = 0,1,2,...) . From Eq.(3.10), we find
1 2,2
£=— n'+u : (3.12)
2 n
Because for the bound states £ >0, we get
n>0,
and
-nP<pB—-yi<n? (3.13)

If #' > 0, there exist bound states, otherwise there are not bound states at all. By
using Eq.(3.11) this relation can be recast into the form

J1+4yt —1
0£n,n<+, (3.14)
i.e. it gives the finite coupling value. After substituting o, 7, C, into Eq.(3.14) we
get

\/1 192a4l(l+ D 4V0
R; h?
0<n < 0 c” . (3.15)
2
If —n'’ < yos - 7/2 Sn'l, there exists bound states, otherwise there are not
bound states. After substituting the values of S, 7, n' into (3.13) and by using the

expressions of «,C,,C,, we obtain
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\/1 192°(1+1) 4Vjd’

Vo AUl B | R} A R
2 RV, 22, 2 )
(3.16)
L 192 1+1) Wia
Aah’cl(1+1) . Ry e’
RV,  2a¥,| 2

The condition y > 0 gives the definite coupling value for the potential depth I/,

4hica J3l(1 +1) ' (3.17)
Ry
Thus, substituting the values of &, £, 7, n’ into Eq.(3.12) and by using the ex-
pressions of «,Cy,C,,C,, one can find the energy eigenvalues E, ,

0<V, <

3
Emz:—? . 32401+ 1) : {HIZ;X
4 2 2 - 2 2 0
Al s 192al§l+1) 41/;0 o1 +4V§c:
R, he e

2

4 22

" 192al§l+1) 41/;? on 1 1+ 192al§l+1) 41/;7 o1+ 4 L ((3.18)
R; e R e hc

i s RII+1) |da 12{ L l92al§l+l) 41/;7‘—24—1 +4I/E]‘c:‘_
R R, R Ry re” Ire”

22U+ y] R
R 164’

If all three conditions (3.15), (3.16) and (3.17) are satisfied simultaneously, the
bound states exist. From Eq.(3.15) is seen that if /=0, then one gets 7. < 0. Hence,

the Klein - Gordon equation for the standard Woods - Saxon potential with zero angu-
lar momentum does not lead to bound states. For larger values of

V, [Vu > Ahcay 3i(l +1) J the condition (3.15) is not satisfied. Therefore, no bound
RU

states exist for these values of 7/ .

SR
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According to Eq. (3.18) the energy eigenvalues depend on the depth of the po-
tential /), the width of the potential R, and the surface thickness a. Any energy ei-

genvalue must be less than V. If constraints imposed on #,, V, and En,l are satis-

fied, the bound states appear. From Eq. (3.17) is seen that the potential depth in-
creases, when the parameter a increases, but the parameter R, is decreasing and vice
versa. Therefore, one can say that the bound states exist within this potential. The en-
ergy spectrum Eq. (3.18) are limited, i.e. we have only the finite number of energy
eigenvalues.

In addition, we have seen that there are some restrictions on the potential pa-
rameters in order to obtain bound state solutions. We also point out that the exact re-
sults obtained for the standard Woods - Saxon potential may have some interesting
applications for studying different quantum mechanical and nuclear scattering prob-
lems.

Now, we are going to determine the radial eigenfunctions of this potential. Hav-
ing substituted 77(z) and o(z) into Eq.(2.4) and then solving first order differential

equation, one can find the finite function @ =) in the interval 0,1/
O(z)=z5(1-z)V 77
It is easy to find the second part of the wave function from the definition of the
weight function
p(z)=2" (1= )T
and substituting it into Rodrigues relation (2.4), we get

24 " 2 LN
¥, (3)=B,z7(1 _:)—2W 57[:”'*‘2(1 —:)M-W}

where B, = L/ is the normalization constant [12]. Then, y, 1is given by the Jacobi
T n]‘ | r

polynomials
¥, () =Pl 10z,

where

1 L d"
PO (1-2z)= = zo(1—z )P [me1—z o]
n! d=
The corresponding (= ) radial wave functions are found to be

t,(2) = C,yz*(1= 2 V50 plRe e gz ),

where C,; are the normalization constants determined using j [“n,.z( r )]2 dr =1 con-
0
straint.
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CONCLUSION

In this paper, we have analytically calculated energy eigenvalues of the bound

states and corresponding eigenfunctions in the Woods - Saxon potential. The energy
eigenvalue expression for Woods - Saxon potential is given by Eq.(3.18). As it should

be expected, for any given set of parameters Jj, R, and a, the energy levels of the

standard Woods-Saxon potential are positive. The obtained results are interesting for
both theoretical and experimental physicists, because they provide exact expression
for energy eigenvalues and corresponding eigenfunctions.
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IXTIiYARI / - HALINDA VUD - SAKSON POTENSIALLI SAHODO KLEYN
- GORDON TONLIYININ ANALITiK HOLLI

V.H.BODOLOV, H.i.OHMODOV, S.V.BODIOLOV
XULASO

Moqalede Vud—Sakson potensialli sahede radial Kleyn-Gordon tenliyinin
analitix hoelli verilmisdir. Hesablamalar ixtiyari ! halinda mearkezeqa¢cma
potensialina Pekeris yaxinlasmasinda Nikiforov—Uvarov metodunu tetbiq et-
mokle aparimisdir. n,. ve [ Kvant adedlerinin miixtelif giymetlorinde slagesli

hallarin mexsusi enerjilori ve ona uygun mexsusi funksiyalari tapilmisdir.

Acar sozlar: Kleyn-Gordon tenliyi, Nikiforov-Uvarov metodu, Pereris yaxinlas-
masi, doqiq hsller

_AHAJIMTHYECKHE PENNEHHST YPABHEHHSI
KJIEMHA - TOPJOHA B IIOTEHITHAJIE BYJA-CAKCOHA

JJISI ITPOM3BOJIBHOI'O /- COCTOSIHHS
B.T. BAJAJIOB, H. 1. AXMEJOB, C. B. BAJJAJIOB
PE3IOME
B pabote paHo aHayMTHYEcKOe pemeHHe ypaBHeHHsA KutefiHa - ['opioHa [uis roTeHLHa-
Ja Byna - CakcoHa. B BbIYHCIIEHHAX MbI IIPHMeEHIITH MeTo]] HuktidopoBsa - YBapoBa, HCITOJb-
3ys NpHOEDKeHHe [lekepHca K LIEHTP 00&KHOMY [TOTEHLIHAIY JI TP OH3BOJIBHOTO [ - COCTOsA-

HHA. I[J'Iﬂ YaCTHLIBI IT1O0JTy Y€HbI TOYHBIE COOCTBEHHbIE 3HAYEHHS SHEPIHH H COOCTBEHHbIE (bYHK-
L[MH CBS3aHHBIX COCTOSHHH TPH pa3JIMYHbIX 3HAYC€HHAX KBAHTOBbIX YHCEI 1, H l.

KmoueBble cjioBa: ypaBHeHHe KiiefiHa - I'opjjoHa, Metoz Huxudopoa - YBapoBa, MpHOIH-
skeHHe [TexepHca, TouHbIe pelIeHHs
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